Abstract. Five TeV neutrino events weakly correlated with five gamma-ray bursts (GRBs) were detected recently by IceCube. This work is an attempt to show that if the GRB identifications are verified, the observed time delays between the TeV neutrinos and gammaray photons from GRBs provide attractive candidates for testing fundamental physics with high accuracy. Based on the assumed associations between the TeV neutrinos and GRBs, we find that the limiting velocity of the neutrinos is equal to that of photons to an accuracy of ∼ 1.9 × 10 −15 − 2.5 × 10 −18 , which is about 10 4 − 10 7 times better than the constraint obtained with the neutrino possibly from a blazar flare. In addition, we set the most stringent limits up to date on the energy scale of quantum gravity for both the linear and quadratic violations of Lorentz invariance, namely E QG,1 > 6.3 × 10 18 − 1.5 × 10 21 GeV and E QG,2 > 2.0 × 10 11 − 4.2 × 10 12 GeV, which are essentially as good as or are an improvement of one order of magnitude over the results previously obtained by the GeV photons of GRB 090510 and the PeV neutrino from a blazar flare. Assuming that the Shapiro time delay is caused by the gravitational potential of the Laniakea supercluster of galaxies, we also place the tightest limits to date on Einstein's weak equivalence principle through the relative differential variations of the parameterized post-Newtonian parameter γ values for two different species of particles (i.e., neutrinos and photons), yielding ∆γ ∼ 10 −11 − 10 −13 . However, it should be emphasized again that these limits here obtained are at best forecast of what could be achieved if the GRB/neutrino correlations would be finally confirmed.
As a result of LIV effect, the speed of propagation of particles (neutrinos or photons) could become energy-dependent in vacuum (see e.g. [9, 12, 13] ). The leading term in the modified dispersion relation is
where E QG is the QG energy scale, m is the rest-mass of the particle, the n-th order expansion of leading term corresponds to linear (n=1) or quadratic (n=2), and +1 (−1) stands for a decrease (increase) in particle speed with an increasing particle energy (also referred to as the "subluminal" and "superluminal" cases). The current best limits on the QG energy scale have been derived from the GeV photons of GRB 090510. The limits set are E QG,1 > 9.1 × 10 19 GeV > (1 − 10)E Pl and E QG,2 > 1.3 × 10 11 GeV for linear and quadratic violations of Lorentz invariance, respectively [14, 15] (see also [16, 17] and summary constraints for Lorentz violation therein). Ref. [18] used the supernova 1987A neutrino data to study LIV effects, and obtained the limits of E QG,1 > 2.7 × 10 10 GeV and E QG,2 > 4.6 × 10 4 GeV. Based on the association between the outburst of of the blazar PKS B1424-418 and a PeV neutrino, Ref. [4] set the most stringent limits up to now on neutrino LIV for subluminal neutrinos, implying E QG,1 > 1.1 × 10 17 GeV and E QG,2 > 7.3 × 10 11 GeV. Einstein's WEP is at the heart of general relativity as well as of other metric theories of gravity. The WEP states that any two different types of massless (or negligible rest-mass) messenger particles, or two of the same particles with different energies, if emitted simultaneously from the same astrophysical object and passing through the same gravitational field, should arrive at Earth at the same time [19, 20] . The measurements of the arrival times of neutrinos and photons from supernova 1987A have been used [21, 22] to constrain the violations of the WEP through the Shapiro (gravitational) time delay effect [23] . They showed that the Shapiro delays of neutrino and photon are equal to an accuracy of approximately 0.34%. With the flight time difference between the PeV neutrino and the blazar photons, Ref. [4] found that the constraints on the WEP accuracy from neutrinos can be further improved by two orders of magnitude when taking into account the gravitational potential of clusters or superclusters. Besides neutrinos, different-energy photons from extragalactic transients and variables have been applied to test the WEP through the Shapiro time delay effect, such as the photon emissions from GRBs [3, 24] , fast radio bursts [25] [26] [27] [28] , and TeV blazars [29] . Moreover, such a test can now be extended to include a new messenger, namely gravitational waves [30, 31] .
In this work, we determine the limits on the neutrino velocity, Lorentz invariance, and the WEP that would result if these five IceCube neutrinos were created in the same events as the gamma-ray photons observed in the associated GRBs.
Observational data
The IceCube Collaboration detected five neutrino events correlated with five GRBs [1] . Taking this association at face value, the data of these events and GRBs are shown in Table 1 . The first eight columns include the following information for each association: (1) the source name; (2) the GRB prompt photon emission time T 100 , which is defined by the most inclusive start and end times (T 1 and T 2 ) reported by any satellite; (3) the observed maximum time delay ∆t between the start time of the GRB prompt photon emission and the arrival of the neutrino; the spatial parameters, including (4) the right ascension coordinate, (5) the declination coordinate; (6) the observed gamma-ray fluence of the GRBs; (7) the neutrino energy; and (8) the redshift.
The original idea of neutrino emission from GRBs [32] was that TeV neutrinos originate via interactions of shock-accelerated protons with the observed γ rays (pγ) in the same internal shocks which produce the MeV photons, i.e., they would be contemporaneous with the MeV photons. The same applies if the photons and neutrinos originate at the photospheric surface, e.g. [33] . Within the astrophysical model uncertainties, the difference between the proton and the electron acceleration times does not introduce an appreciable difference as far as the arrival times of the observable secondaries. The relativistic protons collide with photons produced by electrons in the same region where both protons and electrons were accelerated and where the photons were produced, so one does not expect a geometric delay. A delay of the neutrinos could be due to the neutrinos being produced in the sub-photosphere by (pp) and (pn) cascades, whose development would induce some delay of order seconds (see e.g. [34] ). Another delay might be if the neutrinos originate from (pγ) photohadronic processes in a different region than the MeV photons. E.g. the MeV photons might come from internal shocks, or a photosphere, while the neutrinos might come from the external reverse shock [35] . This would involve a geometric delay. However, in this case the neutrinos would be expected to be the EeV (10 18 eV) range, since the protons would be interacting with optical/ultraviolet photons, rather than with MeV photons. But the observed neutrinos are TeV, so this is not a possibility.
In sum, it is reasonable to assume that the TeV neutrinos originate at the same time at which the GRB photon emission begins, or else that the neutrinos are observed of the order of seconds later than the start time of the GRB prompt emission. It should be underlined that our limits on fundamental physics are based on a relatively conservative estimate of the observed time delay, since we use the time interval between the start time of the GRB prompt emission and the arrival of the neutrino as the observed maximum time delay.
Except for GRB 101213A at z = 0.414, the other four GRBs do not have measured redshifts. The empirical luminosity relation (the so-called Amati relation [36] ) is therefore applied to estimate the redshift range of the four GRBs. We use the observed fluence, energy band, and spectral parameters of the four bursts 1 to calculate the intrinsic isotropic gammaray energies and the intrinsic peak energies for different redshifts. By requiring that the bursts enter the 3σ region of the relation, we derive z ≥ 0.170 for GRB 110101B, z ≥ 0.237 for GRB 110521B, z ≥ 0.269 for GRB 111212A, and z ≥ 0.197 for GRB 120114A (the lower limits of redshifts are conservatively adopted in the rest of this paper). Regarding the details on estimating the redshifts of GRBs, see [37] for a more detailed description. Here we adopt the cosmological parameters derived from the Planck observations [38] : Ω m = 0.315, Ω Λ = 0.685, and H 0 = 67.3 km s −1 Mpc −1 .
New precision limits on fundamental physics with neutrinos from GRBs

Constraining the neutrino velocity
Assuming the physical associations between the TeV neutrinos and GRBs, observational constraints on the neutrino velocity can be obtained. The simplest parametrization of the constraint is in terms of an effective limiting velocity of neutrinos v compared to that of photons c. This limit on the relative velocity difference will be [39] |v
is the co-moving distance of the source. The limits on |v − c|/c for each event are presented in column 9 of Table 1 . The strictest limit is |v − c|/c ≤ 2.5 × 10 −18 for GRB 110521B/Event 3 and the worst limit is 1.9 × 10 −15 for GRB 110101B/Event 2, which are close to 10 4 − 10 7 times better than the neutrino-velocity limit obtained with the neutrino from a blazar flare [7] .
Constraining violation of the Lorentz invariance
Note that the superluminal neutrinos would loss their energy quickly due to both vacuum pair emission and neutrino splitting [5, 40] , and some excellent limits on LIV have been derived from superluminal neutrinos [41] [42] [43] . Here we set the limits on LIV for subluminal neutrinos, i.e., the low energy photons travel faster than the high energy neutrinos. As the test particles are massless or nearly massless, the term m 2 c 4 in Equation (1.1) is absolutely negligible. Since the speed of particles have an energy dependence, two particles with different energies emitted simultaneously from the source will arrive at the observer with a time delay ∆t. For a cosmic transient source, one has to consider the cosmological expansion when calculating the LIV induced time delay (see e.g. [18, [44] [45] [46] [47] 
where E h and E l (E h > E l ) correspond to the different particle energies. The limits on E QG,1 and E QG,2 for each GRB neutrino are presented in columns 10 and 11 of Table 1 . 2 The tightest limits on the linear and quadratic terms are E QG,1 > 1.5 × 10 21 GeV> 100E Pl for GRB 110521B/Event 3 and E QG,2 > 4.2 × 10 12 GeV for GRB 111212A/Event 4, respectively. The worst limits are E QG,1 > 6.3 × 10 18 GeV and E QG,2 > 2.0 × 10 11 GeV for GRB 120114A/Event 5. We see that the linear (n = 1) LIV term can be easily excluded by GRB 110521B/Event 3. Compared with the previous best limit on E QG,1 from GeV photons from GRB 090510 (E QG,1 > 9.1 × 10 19 GeV [14]), our tightest limit on E QG,1 represents an improvement of at least one order of magnitude, although our worst limit on E QG,1 is not as stringent as that of GRB 090510. Moreover, our limits on E QG,2 are as good as or even 10 times tighter than the previous best result from the blazar PeV neutrino (E QG,2 > 7.3 × 10 11 GeV [4] ). In short, we set the most stringent limits on both the 2 Note that E n h − E n l in Equation (3.2) can be approximated as E n h , since the energies of GRB photons at the trigger time (∼ 100 keV) are several orders of magnitude lower than those of neutrinos (∼ TeV).
linear and quadratic LIV effects to date under the assumption that the associations between the TeV neutrinos and GRBs would be finally confirmed.
Here we want to point out a possible caveat to the n = 1 limits. In an effective field theory framework, the dispersion relation (see Equation 1.1) for n = 1 would imply CPT odd terms which predict opposite signs for the Lorentz breaking term for neutrino and antineutrino. In other words, if the neutrino is e.g. superluminal, then the antineutrino will be subluminal. However, the IceCube detector does not distinguish neutrinos from antineutrinos. So for an initial equal amounts of neutrino and antineutrino, one expect that superluminal neutrinos will probably decay in lower energy neutrinos and antineutrinos with the latter having partially travel faster than expected. It is hard to know whether the two effects can compensate each other or not. If not, this would add another error term to the observed time delay and affect our purposed constraints at some level.
Testing the weak equivalence principle
Indeed, all metric theories of gravity satisfying the WEP predict that all test particles must follow same trajectories and undergo the identical Shapiro time delay. That is, as long as the WEP is valid, all metric theories expect γ 1 = γ 2 ≡ γ, where γ is the parametrized post-Newtonian (PPN) parameter and the subscripts correspond to two different particles [19, 20, 48] . The WEP accuracy can therefore be described by limits on the differences of γ values for different particles. According to the Shapiro time delay effect [23] , the time interval for particles to traverse a given distance is longer by
in the presence of a gravitational potential U (r), where the integration is along the path of the particle emitted at r e and received at r o . If the values of the PPN parameter γ are different for different particles, two particles emitted simultaneously from the source will reach us at different times, and the corresponding time delay is given by
where γ 1 − γ 2 represents the difference between the γ values for different particles.
To calculate the Shapiro time delay with Equation (3.4), we need to know the gravitational potential U (r). Most previous studies focused on the contribution from the gravitational potential of the Milky Way. However, it has been showed that incorporating the gravitational potential of the large scale structure would tighten the constraints on the WEP accuracy [4, 26, 27, 49] . We here consider the gravitational potential of the Laniakea supercluster of galaxies. Laniakea is a newly discovered supercluster of galaxies, in which the Milky Way as well as the Local Group reside [50] . The total mass of Laniakea is 10 17 M ⊙ , which is about 10 5 times heavier than the Milky Way.
Assuming that the measured time delays (∆t) between correlated particles from the same source are mainly caused by the gravitational potential of the Laniakea supercluster of 2.0 × 10 11 1.9 × 10 −11 a Note that IceCube Collaboration et al. (2016) accept neutrino events out to T 100 ± 4σt for each GRB time window, where σt is the width of the Gaussian tails before T 1 and after T 2 . Hence, it is reasonable to have ∆t > T 100 for GRB 120114A/Event 5. For this association, here we still adopt the value of ∆t as the observed time delay.
galaxies, and adopting a Keplerian potential for Laniakea 3 , we have [22] ∆t
where M L ≃ 10 17 M ⊙ is the Laniakea mass [50] , d denotes the distance from the source to the Laniakea center (for a cosmic source, d is approximated as the distance from the source to the Earth), b represents the impact parameter of the particle paths relative to the Laniakea center, and s n = ±1 corresponds to the sign of the correction of the source direction. If s n = +1 (s n = −1), the source is located along the direction of Laniakea (anti-Laniakea) center. Since the gravitational center of Laniakea is considered to be the Great Attractor [51] , a mass concentration in the nearby Universe, we adopt the coordinates of the Great Attractor center (R.A. = 10 h 32 m , Dec. = −46 • 00 ′ ) instead of that of the Laniakea center.
For a cosmic source in the position (R.A. = β s , Dec. = δ s ), the impact parameter can be written as Thus, with the observed time delays between the beginning of the GRB prompt photon emission and the arrival of the neutrinos in Table 1 , we obtain WEP constraints from Equation (3.6) for assuming that these five TeV neutrinos are truly associated with GRBs. The limits on γ ν − γ γ for each event are displayed in column 12 of Table 1. The strictest limit is γ ν − γ γ < 1.3 × 10 −13 for GRB 110521B/Event 3 and the worst limit is 9.6 × 10 −11 for GRB 110101B/Event 2, which are about 5 − 7 orders of magnitude more constraining than the previous limit obtained with the PeV neutrino from a blazar flare (γ ν − γ γ < 7.0 × 10 −6 [4] ).
Summary and discussion
In this work, we discuss the potential of five possible GRB/neutrino associations from the IceCube neutrino observatory for probing fundamental physics. We show that if the GRB identifications are verified, significant improvements can be obtained on limits on the neutrino velocity, the violation of Lorentz invariance, and the accuracy of the WEP, by using the observed time delays between the neutrinos and photons. First, the strictest limit on the relative velocity difference is |v − c|/c ≤ 2.5 × 10 −18 for GRB 11052B/Event 3, and the worst limit still comes to 1.9 × 10 −15 for GRB 110101B/Event 2, which are about 10 4 − 10 7 times better than the neutrino-velocity limit obtained with the neutrino from a blazar flare. Secondly, we place the most stringent limits to date on both the linear and quadratic LIV terms, namely E QG,1 > 6.3 × 10 18 − 1.5 × 10 21 GeV and E QG,2 > 2.0 × 10 11 − 4.2 × 10 12 GeV, which are as good as or are an improvement of one order of magnitude over the results previously obtained from the GeV photons of GRB 090510 and the blazar PeV neutrino. Finally, we find that the limits on the differences of the γ values for the neutrinos and photons are as low as ∼ 10 −11 − 10 −13 , improving the limits on the WEP from the blazar/neutrino association by at least 5 − 7 orders of magnitude. Nevertheless, it should be underlined that these limits are at best forecast of what could be achieved if the GRB/neutrino associations would be finally verified.
As described above, for a GRB/neutrino association, the neutrinos would be contemporaneous with the MeV photons. We have first set a relatively conservative limit by using the time interval between the start time of the GRB prompt emission and the arrival of the neutrino as the observed time delay when testing fundamental physics. However, the neutrino and photon production is stochastic (and much fewer neutrinos are produced than photons), so the first neutrino could have been produced well after the first photon (but before the last photon, if the same shocks that accelerate electrons radiating photons are also responsible for accelerating the protons which produce neutrinos). That is, the observed time delay of any neutrino and photon in the association system couldn't be longer than the GRB prompt photon emission time (T 100 ). To account for the uncertainty of the observed time delay, we also test one more case by assuming T 100 as the conservative limit of the observed time delay. The more conservative limits on |v − c|/c, E QG,1 , E QG,2 , and ∆γ are shown in Table 2 . One can see from this table that the implications of the GRB neutrino tests of fundamental physics are not greatly affected. Compared with those constraints presented in Table 1 , the new constraint results only vary within a factor of two to 1 order of magnitude.
It has long been proposed that high energy neutrinos would be associated with GRBs. Thanks to the great wide field of view and high sensitivity, very-large-volume neutrino telescopes such as ANTARES and IceCube are ideal detectors to search for any high-energy neutrinos from GRBs, e.g. [52, 53] . Although the dedicated searches for high energy neutrinos correlated with GRBs have led to null results [54, 55] , it is entirely possible that some of the IceCube neutrinos originate from GRBs, such as these five spatial and temporal coincidences for the neutrinos and GRBs [1] . If in the future the origin of these IceCube neutrinos is better understood, or the associations between different detected events are truly confirmed, the prospects for testing fundamental physics with high energy cosmic neutrinos, as discussed in this work, will be very promising.
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